CALCULUS OF GENERALIZED HYPERBOLIC TETRAHEDRON 

REN GUO 

f^ ■ Abstract. We calculate the Jacobian matrix of the dihedral angles of a gen- 

*vj ' eralized hyperbolic tetrahedron as functions of edge lengths and find the com- 

plete set of symmetries of this matrix. 

(N 

r>-\- 1. Introduction 

1.1. Tetrahedron. Motivated by studying the polyhedral geometry of triangu- 
lated 3-manifolds, Luo jLuOSj calculated the Jacobian matrix of the dihedral angles 
"^ ' of a hyperbolic (Euclidean or spherical) tetrahedron as functions of edge lengths. 

C^ . This Jacobian matrix enjoys many symmetries. Some of the symmetries were dis- 

covered by Schlafli, Wigner |Wi59j . Taylor- Woodward |TW05] . Luo discovered the 
complete set of symmetries of the Jacobian matrix. 

Denote by i^i, W2, ^3, Vi the vertexes of a hyperbolic (Euclidean or spherical) tetra- 
^ . hedron. Let Uij and Xij be the dihedral angles and the edge length at the edge ViVj. 

(y^ ' The angle a^ for i,j € {1,2,3, 4} is a function of the lengths a;i2, xi^, Xi4, X23, 2:24, X34. 

vn ■ 

Tij" ■ Theorem (Luo). 

L». , ^^ sina,;, sinor.s 9xr 

^^ ■ satisfies 



H 



■^v 



(1) (Schlafli) P^i =Pr'. 
- (2) (Wigner, Taylor- Woodward) PJj = Pjf = P^l for {i, j, k, I) = {1, 2, 3, 4}. 

>< : (3) f^^ =-P;fcosa,fe/or{z,j,fc,/}-{l,2,3,4}. 



_C^ ; (4) Pij = P^w^j for {i,j, k, 1} = {1, 2, 3, 4}, where 

cos a.y cos ajk cos Uki + cos Oij cos Uji cos an + cos Oik cos aji + cos an cos ajk 



w. 



V ~ -2 



(5) P^l = Pl,i, where {i,j} ^ {r, s} and {1,3,1', j') = {r,s,r',s'} = {1,2,3,4}. 

Yakut, Savas and Kader |YSK09| calculated the Jacobian matrix for a hyperbolic 
or spherical tetrahedron and represented each entry of the matrix in terms of xij . 
The symmetries of the Jacobian matrix are not obvious in their result. 
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1.2. Generalized hyperbolic tetrahedron. In this paper we calculate the Ja- 
cobian matrix of the dihedral angles of a generalized hyperbolic tetrahedron as func- 
tions of edge lengths. We find a uniform way to deal with the 15 types of generalized 
hyperbolic tetrahedra. The complete set of symmetries of the Jacobian matrix are 
discovered. It is a generalization of Luo's result. Our main theorem is the following. 
Let aij and Xij be the dihedral angle and the edge length at the edge Cij of a 
generalized hyperbolic tetrahedron. The angle aij for i,j £ {1,2,3,4} is a function 
of the lengths a;i2, X13, X14, 0:23, a^24, 2:34. Denote by G the Gram matrix of the gen- 
eralized hyperbolic tetrahedron. Let Gij be the matrix obtained by deleting the 
i—th row and J— th column of the Gram matrix G. 

Theorem 1. The Jacobian matrix is 





( W12 


— COS 023 


— cos a24 


— cosai3 - 


cosai4 


1 \ 






— cos 023 


Wl3 


— cos a34 


— cosai2 


1 


— cosai4 






— cos 024 


— COS 034 


Wu 


1 


cosai2 


— cosai3 






— cosai3 


— cosai2 


1 


U'23 


cos 034 


— cos a24 


! 




— cosai4 


1 


— cosai2 


— cos 034 


W24 


— cos a23 






^ 1 


— cosai4 


-cosai3 


— cos 024 - 


cos 023 


W34 / 


cos aij cos ajk cos ati + cos Oy cos aji 


cos an + cos a 


ik cos aji 


+ cos an cos ajk 








sin^ an 









d{ai2,ai3, ai4, 023, Q24, a34) _ / dot d 1 det G22 det ^33 det ^44 n a / n 
9(a;i2,a;i3,a;i4,a;23,a;24,a;34) y -(detG)-'' 

where 

D = diag{smai2, sinai3, sinai4, sin 023, sin 024, sin 034) 
is a diagonal matrix and 



M 
where 

Wij = 

Note that the matrix DMD is the same for the 15 types of generalized hyperbolic 
tetrahedra. What is different is the factor in front of the matrix DMD. This factor 
depends only on the Gram matrix G. Luo's result about the symmetries of P^l can 
be interpreted as the symmetries of the matrix M as follows: 

(1) M is a symmetric matrix. 

(2) Any antidiagonal entry of M is 1. 

(3) The {ij,ik)—th entry of M is — cosajfe. 

(4) The {ij,ij)—th entry of M is Wij. 

(5) Except the diagonal entries, M is symmetric about the antidiagonal axis. 

Theorem [1] can be considered as a generalization from 2 dimensions to 3 dimen- 
sions of the derivative of cosine law of a generalized hyperbolic triangle which is 
studied systematically in |GLQ9| Lemma 3.5. 

Heard [ HeOSj calculated the Jacobian matrix of a generalized hyperbolic tetra- 
hedron and represented each entry of the matrix in terms of Cy — (— 1)*'^-' det Gij. 
The symmetries of the Jacobian matrix are not obvious in his result. 

1.3. Plan of the paper. In section 2, we recall the definition of a generalized 
hyperbolic tetrahedron and some properties. In section 3, the derivative of the law 
of cosine for a link at a vertex of a generalized hyperbolic tetrahedron is summarized. 
In section 4, the derivative of the law of cosine for a face of a generalized hyperbolic 
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tetrahedron is summarized. In section 5, we calculate the determinant of the Gram 
matrix G. Theorem [1] is proved in section 6. 

2. Definition and properties 

The 4-dimensional Minkowski space is the real vector space M.'^ equipped the 
inner product: 

{X, Y) = xiyi + X2y2 + 2:3^3 - 2:4^4, 

where X = {xi,X2,X3,X4),Y = (yi, y2,2/3, y4)- 

The 3-dimensional hyperbolic space is identified with the positive sheet of the 
hyperboloid of two sheets: 

H'"^ = {X e M'' : {X, X) = -1, Xi > 0}. 

The positive half of the light cone is 

C+ = {X e M-* : (X, X) = 0, X4 > 0} 

and the positive half of the unit sphere is 

5-+ = {X e «■* : (X, X) = 1, a;4 > 0}. 

For any point Wi £ H'^ U C+ U 5+ , the type of the point is the number 

r 1, if w, eH3, 

£i = -{vi,v.i) = I 0, if i)j e C+, 
[ -1, if 1', e5+. 

For any point v^ G H'^ U C+ U 5+, we associate Vi a geometric object in H'^ 
denoted by Psiivi) as follows. 

(1) If Vi £ M^, then P^. (vi) — Pi{vi) = Vi, i.e., the point itself. 

(2) If V, € C+, then PeM) = Poi^t) = {X e M^ : {X,u) > -i}, i.e., a 
horoball in H^. 

(3) If V, e 5*+, then Pe,(««) = P-i{vt) = {X e B.^ : {X,u) > 0}, i.e., a half 
space of H'^. 

Given two points Vi,Vj G IHI^UC+US'+, if Pg. {vi)r\Pej {vj) = 0, there is a geodesic 
segment in H^ whose length realizes the distance between P^.{vi) and P^ {vj). It 
is denoted by e^. 

Given three points Vi,Vj,Vk G M^ U C+ U S+ , if Pe,{vt), Psj{vj) and Pejwfc) 
are disjoint with each other, draw the three geodesic segments eij,ejk,eki- There 
is a totally geodesic polygon in H'^ bounded by eij,ejk,eki and the boundary of 
Pg. (wi), Ps.{vj) and P^^{vk)- This polygon is denoted by Aijk. In fact Aijk is a 
generalized hyperbolic triangle which is studied in |GL09) . 

Given four points wi , W2 , f 3 , W4 & tf U C"*" U 5"*" such that Pei{vi), Pg^ {V2), Pe^ (^3 ) 
and Pg4 (114) are disjoint with each other, there are four polygons A234, A134, A124, 
A123. 

If P^.{vi) is a horoball, the intersections dPe.{vi) n Aijk, dPe^ivi) D Aikl, and 
dP^i {vi)r\Ailj are three Euclidean line segments which bound a Euclidean triangle, 
i.e., the link at Vi, denoted by LK{vi). 

If Pg; (vi) is a half space, the intersections dPg. {vi) fl Aijk, dP^ (vi) n Aikl, and 
dPe-{vi) n Ailj are three hyperbolic geodesic segments which bound a hyperbolic 
triangle, i.e., the link at vi, denoted by LK{vi). 
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If the polygons A234, A134, A124, A123 and the hnks LK{vi) with v^ e C+US+ 
for i G {1, 2, 3, 4} bound an object m H'^ with positive volume, this object is a gen- 
eralized hyperbolic tetrahedron which is denoted by Ti23i. Its edges are the geodesic 
segments e,j for ij € {1,2,3,4}. And its faces are A234, A134, A124, A123. 

If Vi E M^, the link LK{vi) is a spherical triangle which is the intersection of 
Ti234 and a sufficiently small sphere centered at Vi. 

A generalized hyperbolic tetrahedron is uniquely determined by the four points 
"^1, "^2, ^3, 1^4- According to different types of the points u^, there are 15 types of 
generalized hyperbolic tetrahedra. 

3. Link 

A link LK(vi) is a spherical, Euclidean or hyperbolic triangle if Vi G H^, C+ or 
S^ respectively. If Wj £ H^ U 5+ , denote by b\i , 6y , 6^-^. the length of edges of Lk{vi): 
dPeM) n AifcZ, dPeM) n ^Hj and dPeM) ^ Aijfc. If v, e C+, let bli,b]j,b^f^ 
be TWICE of the length of edges of Lk{vi). Denoted by a^ the dihedral angle 
between the face Aijk and Aijl for {i,j,k,l} = {1,2,3,4}. The dihedral angles 
Qij, aik,aii become the opposite inner angles of Lk{vi). 

We introduce a function of h^,^ and its derivative as follows 

(1) p),, = / cos(Ve7s)ds, 

JO 

(2) f^;^ = cos(y^6}fe), 

where Si is the type of Vi. 

The amplitude of the link LK{vi) is defined as }Fe89) 

(3) A' = p]^p)isina^j 

which only depends on the link Lk[vi). 

The derivative of the law of cosine of a spherical, Euclidean or hyperbolic triangle 
is derived in JCL031 ILu06) and has the uniform formula. 

Lemma 2. 

(^ ^ Pk 
dbl, A^ ' 

^ = 4^(_cosa,0- 
db]j A'^ '" 

4. Face 

Let Xij be the length of the edge e^. We introduce a function of Xij and its 



derivative as follows; 






(4) 


T^J-- 


1 x- 1 

2 2 ^ 


(5) 


<,= 


1 x- 1 



Each face ISjkl of ri234 is a generalized hyperbolic triangle. It has the edge 
lengths Xku xij, Xjk and the opposite generalized angles 6^^, bf-, U-^. 
The amplitude of the face l\jkl is defined as 

(6) Ajkl = TjkTjlpii 
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which only depends on the face. 

The derivative of the law of cosine of a generalized hyperbolic triangle is derived 
in |GL09j and has the uniform formula. 

Lemma 3 ( [GL09J Lemma 3.5). 

9Ki _ -^ki 



dxki Ajki ' 



jki 



5. Gram matrix 

Given four points wi , W2 , ws , i'4 € H'^ U C+ U S^ , the Gram matrix of T1234 deter- 
mined by wi, W2, W3, W4 is defined as 

G = ((wi,Wj))4x4- 

Lemma 4. //i 7^ j, then {vi^Vj) = — t/-- 

Proof. When SiSj ^ 0, it is well-known. See, for example, [Ra06' pp 62-72. When 
EiEj = 0, see |HeQ5| pp 7-9. When Si — Ej — 0, the formula was obtained in [PeST]- 
Note that we use a different convention in the definition of a horoball from the 
convention in [He05] . Due to our convention, we have the following. 

li X € C+ ,Y G U^ U S+ , then (X, Y) ^ -\e'^ where d is the distance between 
the horoball associated to X and the vertex or the half space associated to Y . 

If X, y € C"*", then {X,Y) = —\e'^ where d is the distance between the two 
horoballs associated to X and Y . D 

Therefore the Gram matrix can be written as 

/-£i -^12 -^13 -^i4\ 



G = 



'''12 ^2 T23 T24 

I I I 

~13 ~23 ^3 ~34 

\— T;^4 — T24 — T34 —£4/ 



Before calculating det G, we recall an analogy in 2 dimensions. Recall that Gij 
is the matrix obtained by deleting the i— th row and j— th column of the Gram 
matrix G. 

Lemma 5 f [GL09| Lemma 3.3). Gu is the Gram matrix of the face Ajkl and 

\/ - det Gii = Ajkl 

where Ajki is the amplitude of the face Ajkl (0). 

Lemma 6. 

V- det G = njnkTiiA\ 

where A' is the amplitude of the link LK{vi) (0i- 
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Proof. Case 1. If one of vertex is not in C+, say ei = ±1. Then 



det G = ^ det 



(T; 




'13 
£1^-23 
£l£3 
El ■^34 



12^ 
~12~13 



£l'r23 
£1^3 ^ 
£1^34 



T12T13P23 

-(ri3)^^^ 

T13T14P34: 

-P'is 



eiT^4 
eiT;^4 
ei£4/ 

Sl'''23 ~ '''l2'''l3 

£i£3 - ^-' ^' 

£1^34 



'14 



' ~13~14 



£1^-24 
£1^34 



'12 '14 

r' t' 
'13~14 



ei£4 - {t[^Y I 



' ~12~13 £l~24 ~ ~12~14 

('''13) £l'''34 ~ '^13'''l4 

- T{3r{4 £164 - {T'uf 

Tl2Tlip'^A 
TlSTup'ii 



-1 -/ 



(T12T13T14)^(-(A0^). 



In the step (a) we use the fact SiSj — (r/)^ — —{jijY which is easily verified 
using the definition ((4]) and ([5]). We also use the law of cosine for a generalized 
hyperbolic triangle QGL09J Lemma 3.1): 



Pki 



T-jkrji 



In the step (&) we use the law of cosine for a spherical or hyperbolic triangle. 
For details of calculations, see |Fe89| pp 167-171. 

Case 2. If all vertexes are on C"*", i.e., e^ = for i = 1, 2, 3, 4, then, by definition 
©, 



/ e^" e^" e" 



det G = — det 
16 



.X 



□ 2:23 pX24 



£,3:13 a:23 



\e^" 



J_f 2X12+2X3 

16^ 



^X24 pX34 



j,2a;i3+2a:24 



e ^-^ ' '* + e 



/ 

2a;i4-(-2a;23 



13+2:24 _ 2g^'i3+^24+a:i4+2;23 _ 2e^^''^^^^'^^^^"''^^''') 

1 ^4 /'j.i ^4 /Li \4 



(^) 1 23;i2+2xi3+2a;i4 A^34) , (^24) , (^23) 

16 ^ 16 16 16 



2(^4^3)! _ o ibl^bL? _ ^{bl,b\,)\ 



16 



16 



16 



id) .e"'!^ 6=^13 e^i4 



)2(-(Ai)2). 



CALCULUS OF GENERALIZED HYPERBOLIC TETRAHEDRON 7 

In the step (c) we use the law of cosine for an ideal hyperbolic triangle ( JGL09] 
Appendix A): 



In the step (d) we use the law of cosine for a Euclidean triangle. In fact, it is 
Heron's formula of the area of a Euclidean triangle. D 



6. Jacobian matrix 

First, a generalized hyperbolic tetrahedron is determined by its edge lengths 
uniquely up to isometries. Therefore the dihedral angle aij for i,j £ {1, 2, 3, 4} is a 
function of the lengths a:i2, a;i3, X14, 0:23, a;24, X34. 



Proof of Theorem [TJ To prove of the theorem, we need to calculate -g-^ , -g-^ and 

daij 



dajj _ doij dh\i 



dxki dh\i dxki 
(1) Pkl . ^kl 



A' Am 


Tkl 


TilTikA"^ 


Tkl 


Tank A'' 1 


Tkl 


TilTikA" 


Tkl 



smoi, smafci 



(9) Tkl PJ kPijPijP'jl 



sm Oij sm flfci 



sm fly sm Ofe/ 



(h) Tkl V- det Gil V- det Gkk J- det G^j \J~ det Gvi . 

= 7- Tj-Tfe sma^j smofci 

TilTikA'' TijTjkTijTjlTkiTklTkjTklAJ A'^ 

(i) det Gii det Gjj det Gkk det Gil 

= V qd^^Gp sma,sma.,. 



In the step (e). Lemma [5] and Lemma [3] are used. 

In the step (/), the definition ([6]) is used. 

In the step (g), the definition ^ is used. 

In the step (h), the definition ^ and Lemma [S] are used. 

In the step (i), Lemma IH is used. 
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dttij _ daij db\^ 



dxik db{^. dxik 



J 

Pkl I \ ''"*fe 

"'-(-cosaj-fc) 



Ai ' ■' ' V- det Gil 

if) P'ki nk 1 



Ai ^— dct Gil sin aij sin aik 



sin Cij sin aik ■ (— cos ajk) 



V-dctGij Tifc V- dct GhV- dct Gkk\J- dct Gu^ - dct G^ 



TjkTjiA^ ^— dct Go TijTjkTijTjiTkjTkiTkiTklA^ A'^ 

• sin aij sincifc • (— cosajfc) 



/ dct Gii dct Gjj dct G^fe dct G;, 



-(detG)3 



sinoij sinoife • (~ cosa^fc)- 



dai, dui, db\ dan db] 



dxij db^^f, dxij db'-ji dxij 



By the symmetry of k and I, we only need to calculate the first term. 
(k) p].i Tjk COS a ji + COS ttij COS a jk 

^~ T^ ' . - ' COS Clilc ' I ; 

A^ V— dct Gil sm a^ sm Ujk 

_ Pll '^jk 1 



(cos aik cos aji + cos aik cos a^ cos ajk) 



A^ \/- dct Gh sin aij sin a^fc 

(cos aik cos aji + cos aik cos aij cos aj^). 



(0 / det Gii det Gjj det Gfefc det G/; 

^ 4 / , , /^N3 ' V"-"^" "'ik "-"JO iJ-jI n "-ijo u,jfc i^<jo u,ij i^wo U.J 



In the step (fc), the law of cosine for a hyperbolic or spherical triangle is used. 
For a Euclidean triangle, we use the fact: 

cos aji + cos aij cos ajk 
sin aij sin ajk 

In the step (Z), compare what we need to compute with the result of the step 
{j) in the last formula. They are the same if we switch i and j. Hence the step (/) 
holds. 
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Therefore 



daj-i / det G,-,- det G,, det Ghh det G, 



ij / uex Lxii am i^jj uet Lrfe^ uei Lt^ 



^Xy Y -(dctG)3 

• (cos ttik COS flji + COS aik cos Oy cos ajk + cos a^j cos ajk + cos 0.;; cos a-ij cos oj;) 



/det G„- det G^ det Gi-j. det G;, 



-^^^^ ■ sm an ■ Wj 



-y -(detG)3 ^''' '^'^ "'*^- 
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